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Abstract-We study the nonlinear system of equations corresponding to a discretization of a sig- 
nificant mixed partial differential equation. Two methods for the solution of the system are consid- 
ered: the first one involving an artificial term, the second one not. A comparison between the results 
of the two methods shows the numerical effect of the artificial term. The results tend to confirm a 
conjecture and lead to new information about the residuals associated with the methods. 
MOTIVATION 
Let us consider the solution of the following nonlinear boundary value problem (BVP) for the 
unknown function ‘p and given constants K > 0 and C > 0: 
di ((K - l?dlcp) dlcp) + 8:~ = 0 in 0, (I) 
cp = 0 on l?‘, dzcp = g on P. (2) 
Here, the partial derivatives with respect to the variables zr and 22 are denoted by & and &, 
respectively. The function g : F - R is given. R = ] - l,l[ x ]O,l[ c R2 is a rectangular 
domain, its boundary da is partitioned into F = {(zr,z2) E Xl; 22 = 0); I” = dR - I. 
Equation (1) can be hyperbolic or elliptic, according to the value of dicp with respect to 
the critical value u, = K/2& This mixed character implies some difficulties. On one hand, 
functional methods do not lead to results of existence and uniqueness of cp satisfying (l),(2) (see, 
for instance, [l]). On the other hand, the fundamental questions of existence and uniqueness 
are open again when we study the nonlinear system of equations (S) corresponding with the 
discretization of this BVP by a finite element method. This lack motivates contributions to the 
numerical study of (S). The aim of the note is to compare two iterative methods concerning the 
solution of (S): the first involves artificial terms while the second does not. The comparison is 
performed for the same grid and the same number of iterates. 
THE SYSTEM OF NONLINEAR EQUATIONS (S) 
Let us consider the translated domain IO, 2[ x10, l[ and introduce a grid made of 1 + Nl vertical 
and 1 + N2 horizontal straight lines. We set hl = 2/Nl and h2 = l/N2. The function cp 
is approximated by the value Cpij at the point Pij = ((i - l)hi, (j - l)h2). The unknown to 
be determined is the vector @ = (pij); i = 2,. . . , Nl; j = 1,. . . , N2, solution of the nonlinear 
system: 
&j(Q) = 0, i = 2,. . . ,Nl, j=l,..., N2, (S) 
where 
for j = 1 : 
Gj(@) = CP aij (-pi-lj + 2vij - vi+lj) - 2~1 (vij - vij+l) - si, 
forj=2,...,N2: 
Eij(@) = c2eij (-(pi-~ + 2pij - pi+lj) - cl (-_c~ij-i + 2pij - pij+r) . 
(3) 
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Cl = --, 
h. 
c2 = --) ;; si = -2hlg ((i - 1) hl) , 
&j = 
K-e(cpi+lj - cpi-lj) 
h 
(4 
THE ITERATIVE METHODS 
In this section, we consider two iterative methods for the numerical solution of (S). 
Method (Ml) 
In this method, (S) is solved by the iterative scheme: an initial guess a0 is given and we 
calculate Cpr, a2, . . . by solving a linear system issued from (S) at each step. A test is devised 
for each iterate (k) and each point Pij in order to take into account wether (1) is hyperbolic or 
elliptic. The coefficients of the linear system are modified according to the test (see [2] for further 
explanations). Thus, (Ml) solves (S) but produces an artificial term, mixing partial derivatives 
and the parameter hl of the discretization (the right-hand side of (5) below), which corresponds 
actually to the discretized BVP where (1) would be replaced by (x is the characteristic function 
of the interval ]uo +oo[. See, for instance, [3]): 
Method (M2) 
This method proceeds from the simple scheme: 
where Eij(6,“) denotes the equation (i, j) of (S) acting on gk = ((Pf?tj, vfj, ‘Pf+:lj-i, vfj+i). 
In (6) ~1 > 0 is to be selected (see (41 for further explanations), and an initial guess 9’ must 
be given. 
NUMERICAL EXPERIMENTS 
We consider the following sample: 
e = 1.2, 
21 E (-+,+), 
otherwise. 
(7) 
The FEM involves a grid with Nl = 60, N2 = 30. The linear systems of (Ml) are solved by 
an overrelaxation method involving parameter w = 1.75 (other values of w E (0,2) have led to 
analogous results). The selected parameter in (M2) is I_L = 0.05. The initial guess is a0 = 0 for 
both (Ml) and (M2). The quality of the approximated solution Qk is controlled both by the 
mean value and the local residuals given respectively by: 
RM = 
( 
Nl N2 
hl h2 CC l&j(@)12 
i=2 j=l 
) 
l/2 
T 
RL = Max ~lE,(Q”)~ :i=2,... ,Nl,j=l,..., N2 . 
> 
(8) 
(9) 
Tables 1 and 2 summarize the experiments with M = 0.9. 
Table 1. Evolution of RM. 
k 1 100 1 200 1 300 1 400 I 500 
Ml 4.6E - 2 5.4E - 2 5.7E - 2 5.9E - 2 5.9E - 2 
M2 1.9E - 3 1.4E - 3 l.lE - 3 9.7E - 4 8.5E - 4 
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Table 2. Evolution of RL. 
k 100 200 300 400 500 
Ml 4E+OO 4E+OO 4E+OO 4E+OO 4_G+oo 
M2 3E-1 1.7E - 1 1.2E - 1 9.5E - 2 7E-2 
The involved CPU time for 500 iterations on a VAX 4000-500 is about eight seconds for (Ml) 
and four seconds for (M2). Experiments with A4 = 0.95 and M = 1 have led to analogous results. 
CONCLUDING REMARKS 
In (7) parameter M generates K as in the frame of the transonic expansion procedure. It has 
been conjectured that a straightforward solution of (l),(2) d oes not produce shocks; the numerical 
results yielded by (M2) tend to confirm this conjecture. Only (Ml) produces discontinuities 
on dicp (shocks) by developing an artificial term (see (5)). In the frame of (Ml) and (M2), 
this confirms the following: equation (1) has to be modified in order to get an approach which 
produces shocks straightforward; that is to say, involving a modification in setting (1) directly, not 
when solving the system (S). Analogous situations have already occurred, for instance, concerning 
phase transitions. Refer to [5]. Prom the standpoint of computational fluid mechanics, there exist 
processes which are more relevant than (1) ( see, for instance, [S]). Nevertheless, (1) has been 
selected since it is a simple but significant example of a partial differential equation of mixed 
type (see Section 1). Method (Ml) has been chosen since it has shown previously to be effective 
for the numerical solution of systems like (S) ( see, for instance, [2,3]). Furthermore, the use of 
relatively simple methods (Ml) and (M2) makes the comparison easier between methods with or 
without artificial terms concerning the same system (S). The experiments show clearly that the 
residuals for (M2) are less than those of (Ml). To the best of our knowledge, this behaviour of 
the residuals is a new numerical information which was not pointed out previously. 
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